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  We analyze extensively the characteristics of the solution to an irreversible 
investment decision when the only source of uncertainty comes from interest rates. 
They are assumed to be driven by the popular Cox-Ingersoll-Ross (CIR) stochastic 
process. Particular attention is paid to the impact that both CIR parameters and risk 
aversion have on the threshold rate. 
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 1 Introduction
The real option literature dealing with the e®ect of uncertainty on the value of
(partially) irreversible investment projects is extensive and has been growing steadily
from the seminal work of McDonald and Siegel (1986), among others. Ingersoll and
Ross (1992) were the ¯rst in extending this analysis to uncertain interest rates. They
analyze extensively the case in which interest rates follow a martingale process to
describe their impact on the timing of investment. A recent paper by Alvarez and
Koskela (2006a) considers decisions about irreversible investments under uncertainty
in the interest rates and in the °ow of revenues. Unfortunately, their generalized
optimal stopping problem can only be solved numerically.
In our paper, we assume that interest rates are driven by the CIR process,
popularized by Cox, Ingersoll and Ross (1985), and keep them as the only source of
uncertainty. In this way, we are able to obtain a closed form solution to our easier
optimal stopping time problem.
We also undertake a sensitivity analysis of how changes in the underlying pa-
rameters in the CIR process a®ect the optimal investment decision. Finally, we also
study how changes in the degree of risk aversion a®ect the optimal stopping time,
following the analysis of Alvarez and Koskela (2006b). In our approach, we focus
instead on the market price of risk, which is more convenient given our setup. We
show the equivalence between both approaches and extend our previous sensitivity
analysis accordingly.
The rest of this paper is organized as follows. Section 2 provides the valuation
of an investment project with the option to wait under the risk neutral measure.
Section 3 performs an extensive sensitive analysis about how the threshold rate,
obtained as part of the solution in the previous section, changes under alternative
values of the parameters describing the CIR process. Section 4 performs the analysis
2for the impact of the market price of risk indicated above and ¯nally, Section 5
concludes.
2 Valuing the Option to Invest
We are interested in the present value (PV) of an investment project that yields an
expected continuous payo® of $1 during the time t through t + T. The interest rate
r is assumed, under the real measure P, to follow the CIR process
dr = ·
¡






where · > 0 is the mean-reversion coe±cient, ¹ r is a target interest rate, ¾ is the
volatility and dW P is the Wiener process under the real measure. However, for
valuation purposes, it is much more convenient to de¯ne a new Wiener process






































The present value at time t of the stream of cash-°ows is given by
















3where P (rt;t;s) denotes the price at time t of a zero-coupon bond maturing at time
s > t conditioned to the actual value rt of the stochastic interest rate, and it satis¯es











2r = rP (6)




= 1. Its solution, as can be seen in Cox, Ingersoll












































Let F denote the value of the investment opportunity with a lifetime of length
T and starting at a future time t. The payo® from investing at the unknown future




¡ I, where V is de¯ned in equation (5) and I denotes
the sunk cost of the investment project made at time t. Our aim is to maximize the






















such that e ¿ is a (random) stopping time for the stochastic process driving equation
(2). As long as the relationship between V and r is inverse, the optimal exer-
cise policy will be investing if r0 · r¤ while waiting otherwise. The parameter r¤
4denotes the threshold rate |the value for which the owner of the project is indi®er-
ent between waiting or exercising immediately by incurring the set-up costs of the
project| which is a free boundary condition. As Dixit and Pindyck (1994) show,
equation (10) is an optimal stopping problem in continuous time. Since the invest-
ment opportunity F yields no cash °ows up to the period where the investment is
undertaken, the only return from holding it is its capital appreciation. Hence, in the
continuation region (r0 > r¤) the Bellman equation leads to the following second










¹ r ¡ r
¶










= 0 as r ! 1 that will help us to set one of the two constants in
the solution of (11). Two further conditions are also required to set the other con-
stant plus the threshold rate. These are the so called 'value matching' and 'smooth













These conditions mean that both, the values and the slopes of the two functions F
and V , match at the boundary r¤. Then, we obtain the following result 1:




























denotes the con°uent hypergeometric function which has the series
1The following proposition would have a similar format for other mean reverting processes that
can be found in Table 5 of Ingersoll and Ross (1992). We have obtained some of them and they
are available from the authors upon request.
5representation
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¡(1 + a ¡ b)
¡(2 ¡ b)
(15)
where ¡(¢) denotes the gamma function and C1 is an arbitrary constant.
Proof. See Appendix.
Both r¤ and C1 are obtained as the solution of the two non-linear equation system
given by the last two boundary conditions mentioned above. Note that Proposition
1 is an alternative form of presenting the result appearing in Table 5 of Ingersoll and
Ross (1992) for several stochastic processes driving the interest rate r 2. This table
is constructed by making use of the properties of conditional expectations so that











































is a decreasing function of r0 while increasing for r? 3.
2There appears to be a typo in their solution of the stochastic discount factor when r evolves
according to equation (2).





Á(r¤) where Á(¢) is
6Figure 1 exhibits the typical shape of the functions describing the project value
in terms of the actual short rate r0. The dashed line shows the NPV of the project
while the solid line displays the project value incorporating the waiting option. For
those interest rates values lower than the threshold rate, the owner of the project
should invest now, otherwise waiting would be optimal.
[Figure 1 is about here]
As Figure 1 illustrates, the internal rate of return (IRR) |or breakeven rate|
is consistently higher than the threshold rate. For the particular values of the
parameters illustrated in the ¯gure, ¹ r = 0:03, · = 0:45, ¸ = 0:0, ¾ = 0:15, T = 30
years and I = 5, the IRR equals 0.7967 whereas the value of r¤ is 0.1073.
It is also interesting to obtain the length of the waiting period until the invest-
ment option is exercised, or in other words, ¯nding out the time needed for the
actual interest rate to revert to the threshold rate. It does require to calculate the
¯rst hitting time density of the level r¤ starting from r0 > r¤. For r0 ¡ r¤ equals
500bp (0:05), the mean hitting time4 for the previous set of parameter values is
about 0:6797 years or 8:3 months. This implies a probability of 0:3117 that the
hitting time will be greater than that average.
To end this section, note that the dynamics of r studied by Ingersoll and Ross
(1992) |which is nested in equation (2) by setting · = 0| yields an expression for
the value of the project with the option of waiting which is nested in equation (12)
when · = 0.
a decreasing function whose speci¯c form depends on the particular stochastic process driving
interest rates. For more details, see Table 5 in Ingersoll and Ross (1992).
4See Linetsky (2004), speci¯cally equations (23) and (24).
7Corollary 2 The solution to the second order ODE in (11), when · is set to zero
















for a and b evaluated at · = 0.
As can be checked, equation (6) in Ingersoll and Ross (1992) is essentially the
same as ours. Of course, this solution can also be obtained directly from the ODE
de¯ned in equation (11) by setting · = 0.
3 Sensitivity Analysis
As proposition 1 makes clear, the value of r¤ depends on several parameters. In
general, it is extremely di±cult to obtain analytical results and a sensitive analysis
is performed to describe the likely e®ects of changes in the parameters. In this
section we shall take ¸ = 0 as our benchmark value, leaving for the next section the
impact of changes in the market risk parameter.
To guide our intuition for interpreting the results in the sensitivity analysis,
recall that the value of the project at any time can be decomposed into the SDF
and the project NPV evaluated at r¤. Intuitively, anything that raises the NPV
will increase the opportunity cost of waiting and hence, generate an upward pattern
for r¤. That is, the project's owner will take the decision to invest for relatively
'higher' interest rates. Similarly, anything that raises the SDF value will increase
the bene¯ts of waiting since the PV of all future cash °ows becomes higher. So,
the decision to invest now will be taken for relatively 'lower' interest rates. All this
8seems fairly intuitive but we need to ascertain the likely e®ects on both NPV and
SDF of changes in the CIR parameters.
Cox, Ingersoll and Ross (1985) state that a higher (lower) value of ¾ (¹ r) has
the e®ect of rising the discount bond price at any maturity. This behavior is also
reproduced in equation (5). Thus, the e®ect of either increases in ¾ or decreases in
¹ r is rising both NPV and SDF. For the likely e®ect on NPV and SDF of changes in
·, it turns out that increases in this parameter rises both for low values of ¾. But
as ¾ becomes higher, this e®ect is reversed.
The remarkable result is that changes in the CIR parameters have the same
impact on NPV and SDF but opposite e®ects on r¤.
Ingersoll and Ross (1992) are concerned with the e®ect that interest rate uncer-
tainty has on the investment rate and, to this end, they examine the impact that
higher values of ¾ have on r¤. In this regard, they con¯ne themselves to the case of
no mean reversion or · = 0. They ¯nd that a higher value of ¾ lowers r¤ for ¸ = 0.
We also obtain a similar relationship for the general case of mean reversion. Since r¤
falls with ¾, the SDF e®ect appears to outweight the NPV e®ect as shown in Figure
2 for several values of · (panel A) and ¹ r (panel B). We have also plotted the no
mean reversion case in panel A. The fall in r¤ becomes more pronounced under no
mean reversion when ¾ increases. In this ¯gure we ¯nd some evidence that higher
values of · raises r¤, which is consistent with a higher weight of the SDF e®ect.
Further, as panel B makes clear, the curve (¾;r¤) shifts upwards with higher values
of ¹ r.
[Figure 2 is about here]
In Figure 3 increases in ¹ r, while keeping ¯xed the remaining parameters · and
¾, yields an inverted 'U-shaped' curve for r¤. This behavior is displayed for several
9values of the the parameters · in panel A and ¾ in panel B. The shifts in the curve
(¹ r;r¤) due to changes in ¾ and · are in agreement with our previous interpretation
so it does not deserve further comments.
[Figure 3 is about here]
In Figure 4 increases in · tend to increase r¤ suggesting that the SDF e®ect
prevails over the NPV e®ect. Panel A illustrates this for several values of ¾ except
for the lowest. Recall that, for low values of ¾, a higher value of · tend to increase,
in particular, SDF and a higher SDF calls for a lower r¤. Furthermore, higher values
of ¾ shifts downwards the curve (·;r¤). Panel B also illustrates that increases in ¹ r
shifts the curve (·;r¤) upwards and this increase growths as the value of · rises.
[Figure 4 is about here]
Finally, according to what has been described as the NPV e®ect, a larger value
of T increases the threshold rate r¤. This e®ect is the opposite when the value
of I increases since this means a reduction of the NPV. These e®ects are shown,
respectively, in panels A and B of Figure 5.
[Figure 5 is about here]
4 Market Price of Risk
First, we show that changes in the parameter of risk aversion are equivalent to
changes in the parameter underlying the market price of risk, namely the parameter






, de¯ned in equation (4), is the excess bond expected return
(¹P ¡ r) per unit of volatility (¾P) or Sharpe ratio. Let ¤ denote the SDF, which is
directly related to the consumption marginal utility. Then, ¹P ¡ r can be written
in terms of the covariance of the bond return and SDF as



























is the price of a zero-coupon bond satisfying the PDE in equation
(6), see Cochrane (2001). If the interest rate is driven, under the real measure P,











we can use Ito's Lemma to obtain the following stochastic di®erential equation (SDE)



















. By the other hand, ¤ in equation (19) satis¯es the
following general SDE:












on the dynamics of the interest rate given in equation (20). If we compute the right-
hand side of equation (19), then ¹P¡r = ¾¤¾P and ° = ¾¤. This means that positive
premiums, that is ¹P ¡ r > 0, will arise if ¾¤ > 0. Since ¾¤ is the same for bonds
of all maturities, a positive value of ¾¤ implies that long bond expected returns are
higher than short rates. Hence, for the CIR case or equation (1) | ¹r ´ ·
¡
¹ r ¡ r
¢
11and ¾r ´ ¾
p
r in equation (20) |, the risk price parameter ¸ in equation (4) must
be negative since ¾¤ = ¡¸
p
r=¾ > 0. The introduction of the SDF in equation (22)






Let ¤t ´ e¡¯tu0 (ct), where ¯ captures impatience for the subjective discount
factor e¡¯t, ct denotes consumption at date t and u0 (¢) is the marginal utility. By
applying Ito's lemma, we can rewrite the SDF in equation (22) as















where » ´ ¡cu00 (c)=u0 (c) denotes the coe±cient of relative risk aversion (RRA).
Since the correlation between both Wiener processes of c and ¤ (½c¤) is less or equal
than 1, it holds that ¾¤ · »¾c where ¾c is the volatility of the SDE of dc=c. If we
assume the standard power utility for consumption, that is, u(c) = c1¡´=(1 ¡ ´)
then ´ becomes the RRA coe±cient or » = ´. In short, there is a direct relationship
between ¾¤ and ´. Hence, analyzing the e®ects of changes in ¾¤ |through changes
in ¸ | on r¤ is equivalent to examining the e®ects of changes in ´ on r¤. For
instance, considering a power utility function, a value of one for ½c¤ and the Vasicek
(1977) model for the interest rate |¹r ´ ·
¡
¹ r ¡ r
¢
and ¾r ´ ¾ in equation (20) |
which implies a constant value for ¾¤ in equation (22) as Cochrane (2001) shows,
then ¾¤ = ´¾c.
4.2 Sensitivity Analysis of ¸
The market risk parameter, ¸, exhibits an implicit negative sign to guarantee a
positive risk premium. A negative value of ¸ means that long term rates are high
relative to short rates. As it was discussed before, we can distinguish two opposite
e®ects: a higher absolute value, or size, of ¸ leads to a lower NPV. This generates a
downward pattern for r¤ since it reduces the opportunity cost of waiting as related to
12a higher value of ´. As it is well known, a higher value of ´ (higher size of ¸) implies
a preference for less uncertain results realized in the near future in comparison with
potentially higher uncertain ones. By the other hand, and at the same time, a
higher size of ¸ also causes a fall in the SDF. This is because investors demand a
higher return from risky investments, increasing the interest rate at any maturity
and reducing the value of the SDF. Now, the bene¯ts of waiting are lower and r¤
tends to grow.
Panel A in Figure 6 exhibits the (¸;r¤) relationship under no mean reversion.
We observe that, for small sizes of ¸, the SDF e®ect prevails and r¤ at ¯rst increases.
However, as the size of ¸ increases, the NPV e®ect becomes prevalent and r¤ begins
to fall. In Ingersoll and Ross (1992), it is not clear whether a higher size of ¸ leads
to a lower r¤. What they clearly state is that the di®erence between the IRR of the
project and the threshold rate falls with higher magnitudes of ¸. This result (not
reported here) also holds within our framework independently of whether r¤ rises
or falls. Ingersoll and Ross (1992) also ¯nd that a higher value of ¾ reduces r¤. We
also obtain this result in panel A.
[Figure 6 is about here]
With mean reversion, the impact that changes in ¸ has on r¤ shows a more
pronounced humped shape as exhibited in panel B. Now the SDF e®ect exceeds the
NPV e®ect for comparatively lower magnitudes of ¸. A possible interpretation is
that now future interest rates tend to be close to ¹ r, exhibiting a lower variability
which might be associated with higher values of r¤.
In short, under the no mean reversion case, we might conclude that a higher
market price of risk, and hence a higher value of the RRA parameter, lowers r¤.
However, a lower value of ¾ also means a higher market price of risk and this raises
r¤ instead. Nevertheless, under mean reversion, there is some evidence that a higher
13market price of risk implies a higher value of r¤. This result is also obtained by
Alvarez and Koskela (2006b).
5 Conclusions
We examine the characteristics of an optimal irreversible investment policy when
the source of uncertainty comes from interest rates. Special attention is paid to
the role that risk aversion plays on the threshold rate that guides the investment
decision. The one-dimensional stopping problem proposed here uses the well-known
CIR process. We ¯rst obtain a closed-form solution for the option to invest and
show how it is related to the seminal work of Ingersoll and Ross (1992). We also
carry out an extensive sensitive analysis about how the threshold rate is a®ected by
di®erent values of the parameters underlying the CIR model. We ¯nd that a higher
relative risk aversion leads to higher threshold rates when the interest rate is mean
reverting. This e®ect is reversed, however, when there is no mean reversion.
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+ ·¹ rF0(r)e¡ºr = 0: (24)







º ¡ 1 = 0 (25)










¾2 < 0 where µ1 is de¯ned as in







































Let x = 2
µ1
¾2r and A(x) = J(r), so that we can write equation (26) as the 'con°uent
hypergeometric equation'
xAxx(x) + (b ¡ x)Ax(x) ¡ aA(x) = 0 (27)
where a > 0 and b > 0 are de¯ned in (14). Its general solution has the form:5
C1M(a;b;x) + C2x1¡bM(a ¡ b + 1;2 ¡ b;x) (28)
for M(a;b;x) denoting the con°uent hypergeometric function de¯ned in (13). C1 and
C2 are arbitrary constants to be determined with the appropriate boundary conditions.




and reverse the change of variables, we shall




de¯ned in (12) which is the solution to equation









exxa¡b[1 + O(x¡1)] (29)




equal for large values of x. By inserting equation (29) into (28), we get (15) which
completes the proof.
5See equation 70 from page 220 in Polyanin and Zaitsev (2003).
6See Abramowitz and Stegun (1972) on page 504.
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V(r, T) - I
r*
Figure 1: Value of the investment project including the waiting option (solid line)
and without it (dashed line). Parameter values: ¹ r = 0:03, · = 0:45, ¸ = 0:0,
¾ = 0:15, T = 30, I = 5




























A. Parameter values: ¹ r = 0:03, T = 30,
I = 5




























B. Parameter values: · = 0:45, T = 30,
I = 5
Figure 2: Impact of changes in the volatility parameter (¾).




























A. Parameter values: · = 0:45, T = 30,
I = 5




























B. Parameter values: ¾ = 0:15, T = 30,
I = 5
Figure 3: Impact of changes in the target interest rate (¹ r).



























A. Parameter values: ¹ r = 0:03, T = 30,
I = 5




























B. Parameter values: ¾ = 0:15, T = 30,
I = 5
Figure 4: Impact of changes in the speed of mean reversion parameter (·).
























A. Parameter values: ¹ r = 0:03; · = 0:45,
¾ = 0:15, I = 5



























B. Parameter values: ¹ r = 0:03; · = 0:45,
¾ = 0:15, T = 30
Figure 5: Impact of changes in the maturity of the investment project (T) and the
cost of investment (I).



























A. Parameter values: · = 0, T = 30,
I = 5
























e s = 0.09
s = 0.15
s = 0.20
B. Parameter values: ¹ r = 0:03; · = 0:45,
T = 305, I = 5
Figure 6: Impact of changes in the market risk parameter (¸).
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